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A novel approach is presented for nonlinear recursive estimation of dynamic discrete-time systems with model
uncertainties. The formulation of this estimation problem is the same as for minimum model error estimation,
but the solution of the nonlinear two-point boundary-value problem is obtained using the technique of invariant
imbedding so that the resulting algorithm can be implemented in real time. The advantage of the proposed es-
timation over other invariant-imbedding-based sequential estimators is that the covariance constraint condition
developed in the minimum model error estimation is used to choose the weighting matrix and model errors are
modeled as time-varying parameters whose variations are chosen to be minimal. The simulation results show that
the proposed method is effective and feasible in obtaining optimal estimation for nonlinear systems with nonlinear
measurements in the face of significant model errors and large initial condition errors.

Introduction

N ONLINEAR estimation of dynamic systems with model un-
certainties has always been a difficult problem as reflected by

the many articles in the literature. Among numerous approaches,
the first-order extended Kalman filter (EKF) is most popular due
to its simplicity. In the EKF, model uncertainty is assumed to be
a zero-mean Gaussian process with known variance. Nevertheless,
estimates may be biased or divergent in actual practice because of
linearization and initial condition error. Recently, some approaches
have been developed to address the approximations used in the EKF
with nonlinear observations to improve the convergence of the es-
timates. Among them, the two-step optimal estimator1 (TSOE) di-
vides the nonlinear estimation problem into a linear estimation using
the Kalman filter and an optimization procedure to get the optimal
estimates of the system states. Lisano2 pointed out that the TSOE
is only effective and advantageous over the EKF for initial condi-
tions with large errors. Set-valued nonlinear estimation3 employs the
Galerkin approximation to solve Kolmogorov’s equation for propa-
gating a continuous nonlinear dynamic system and for implementing
a discrete-time measurement update. The unscented Kalman filter
(UKF) (see Ref. 4) extends the unscented transformation to the re-
cursive nonlinear estimation of dynamic systems. Like the EKF, the
UKF approximates the state distribution by a Gaussian random vari-
able represented by a set of sample points that capture its true mean
and covariance. When propagated through the true nonlinear system,
the sample points capture the posterior mean and covariance accu-
rately to a third-order Taylor series expansion. As a result, the UKF
substantially improves the accuracy of the nonlinear estimation over
the EKF estimate with the same level of computational complexity.

For physical systems, model uncertainties may result from un-
certain variables such as external disturbances, modeling errors, or
parametric variations. They are generally referred to as model er-
rors or process noise. In the mentioned methods, model errors are
assumed to be Gaussian distributed random variables with zero mean
and known variance. However, it is often hard to model their dynam-
ics as known stochastic processes. Therefore, the aforementioned
methods may fail to perform optimally or to converge.
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Historically, the problem of nonlinear estimation for dynamic sys-
tems with statistically unknown model errors or measurement errors
was addressed by minimizing a nonstatistical least-squares criterion,
and thus, a nonlinear two-point boundary-value problem (TPBVP)
resulted. Approaches to the solution of the resulting TPBVP pro-
duced various estimators. Detchmendy and Sridhar,5 Bellman et al.,6

Pearson,7 and Sage8 developed their own sequential estimators us-
ing the method of invariant imbedding. Their simulation studies
show that these online estimators were feasible for nonlinear esti-
mation with model uncertainties. However, no methods for choos-
ing the weighting matrices in their criteria were put forward. In
1988, Mook and Junkins9 proposed a batch estimator called mini-
mum model error (MME) estimation utilizing the method of mul-
tiple shooting. In the MME approach, estimates of system states
and model errors are obtained as part of the solution of the result-
ing TPBVP. The covariance constraint concept was introduced as
the necessary condition for choosing the weighting matrix. An ex-
istence and uniquencess proof for the solution of the MME used
the multiple shooting approach.10 Convergence difficulties near the
minimum were overcome using a technique to linearize the state
and costate dynamic functions around the nominal state and model
error determined by the gradient search.11 Recently, Crassidis and
Markley12 proposed a predictive filter for nonlinear recursive esti-
mation of systems with model uncertainties based on the duality that
exists between the predictive controller13 for nonlinear systems and
a general estimation problem. The criterion for the algorithm is the
weighted sum square of the measurement minus estimate residuals
plus the weighted sum square of the model correction term. The out-
put estimate is expanded as a Taylor series, and the criterion is min-
imized with respect to the model error to calculate the model error
solution and state estimates. Compared with the MME, however, the
predictive filter does not optimize the estimate globally, and its con-
vergence properties are closely related with the sampling interval.

This paper presents a recursive method for nonlinear estimation
of dynamic systems with model uncertainties. The formulation of
the estimation problem is the same as that of the MME estima-
tor, but the solution to the nonlinear TPBVP is obtained using the
technique of discrete invariant imbedding. The new method, non-
linear recursive minimum model error (NRMME) estimation, can
be implemented recursively. The advantage of the NRMME esti-
mation over the previous invariant-imbedding-based sequential es-
timators is that the covariance constraint condition developed in the
MME approach is used to choose the weighting matrix and model
errors are modeled as time-varying parameters whose variations
are chosen to be minimal. The NRMME algorithm coincides with
the EKF algorithm when the measurements are linear in the states.
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The simulation results in the paper show that the NRMME is effec-
tive and feasible in obtaining optimal estimation for nonlinear sys-
tems with nonlinear measurements in the face of significant model
errors and large initial condition errors.

The organization of the paper is as follows. First, a detailed deriva-
tion of the NRMME algorithm is given. Then, two examples are
provided. Finally, discussion of stability and convergence on the
NRMME estimator is made and conclusions follow.

Algorithm
Consider a nonlinear discrete-time system whose state dynamics

are modeled as

xk + 1 = f0(xk, uk) (1)

where f0 is an n × 1 model vector, xk is an n × 1 state vector, and uk

is a q × 1 vector denoting uncertain variables in the system model
at time k. The components of uk are modeled as time-varying pa-
rameters to be determined in the estimation process. The system of
equations for uk is given by

uk + 1 = uk + dk (2)

where dk is a q × 1 vector of bounded model errors with piecewise
continuity.

Combining Eqs. (1) and (2) and defining

Xk = [xk uk]T

yield the augmented equations of the form

Xk + 1 = f (Xk) + G · dk (3)

where

f (Xk) = [ f0(xk, uk) uk]T , G =
[

0 0

0 I

]

and where Xk is an (n + q) × 1 augmented state vector, I is a q × q
identity matrix, and 0 is an n × n zero matrix. Consider a set of
discrete noisy measurements made with the measurement model
given by

Z̃k = h(Xk) + vk (4)

where Z̃k is an m × 1 measurement vector, h(Xk) is an m × 1 non-
linear measurement function, and vk is an m × 1 vector of Gaussian
white measurement noise with zero mean and covariance R.

Choose a quadratic criterion function

JN = 1

2

N − 1∑
k = 0

[Z̃k + 1 − h(Xk + 1)]
T R−1[Z̃k + 1 − h(Xk + 1)]

+ 1

2

N − 1∑
k = 0

dT
k W−1dk (5)

where W is a q × q positive and nonsingular weighting matrix. As
with optimal control theory, the solution of the estimation problem
is obtained by minimizing JN with respect to Xk and dk . According
to the discrete Pontryagin’s maximum principle, the minimization
of JN leads to the nonlinear TPBVP summarized as

Xk + 1 = f (Xk) − GWGT F−T (Xk)λk (6a)

λk + 1 = F−T (Xk)λk + HT (Xk + 1)R−1[Z̃k + 1 − h(Xk+1)] (6b)

with boundary conditions

X0 = specified (6c)

λN = 0 (6d)

where λk is an (n + q) × 1 costate vector, H(Xk + 1) = ∂h(Xk + 1)/
∂XT

k + 1 is the measurement Jacobian, and F(Xk) = ∂f (Xk)/∂XT
k is

the dynamics Jacobian.
Notice that, in Eq. (5), the criterion function JN may be considered

as a function of N and XN . Now, N is considered to be the current
time, which may assume any value between 0 and ∞, and XN is the
current state of the system. In the following development, λN will
be treated as a variable and N as the running variable. Accordingly,
replace the integer variable k in Eqs. (6a) and (6b) with N and rewrite
them in a simple form,

XN + 1 = α(XN ,λN ) (7)

λN + 1 = η(XN ,λN ) (8)

Assume that, for small values of λN ,

XN = X̂N − PNλN (9)

where X̂N represents the current state that minimizes the criterion
function (5) based on the measurements made over the time interval
[1, N ] and meets the terminal condition (6d) and where PN is an
(n + q) × (n + q) matrix. Then, at time N + 1,

XN + 1 = X̂N + 1 − PN + 1λN + 1 (10)

Substituting Eqs. (7) and (8) into Eq. (10) gives

X̂N + 1 = α(XN ,λN ) + PN + 1η(XN ,λN ) (11)

Because λN is small, α(XN , λN ) and η(XN , λN ) can be approxi-
mated in powers of λN , that is,

α(XN ,λN ) ≈α(X̂N , 0) + ∂α(X̂N − PNλN ,λN )

∂λT
N

∣∣∣∣
λN = 0

λN (12)

η(XN ,λN ) ≈η(X̂N , 0) + ∂λ(X̂N − PNλN ,λN )

∂λT
N

∣∣∣∣
λN = 0

λN (13)

Substitute Eqs. (12) and (13) into Eq. (11) and note that Eq. (11)
must hold for arbitrary λN . Equating the coefficients of the like
powers of λN in Eq. (11) results in a pair of nonlinear difference
equations in X̂N and PN , that is,

X̂N + 1 = α(X̂N , 0) + PN + 1η(X̂N , 0) (14)

PN + 1 = −∂α(X̂N − PNλN ,λN )

∂λT
N

∣∣∣∣
λN = 0

×
[

∂η(X̂N − PNλN ,λN )

∂λT
N

∣∣∣∣
λN = 0

]−1

(15)

Equations (6a) and (6b) are used to determine α(X̂N , 0) and
η(X̂N , 0) in Eq. (14) and the first partial derivatives in Eq. (15).
After some algebraic manipulations,

α(X̂N , 0) = f (X̂N ) (16)

η(X̂N , 0) = HT [f (X̂N )]R−1{Z̃N + 1 − h[f (X̂N )]} (17)

∂α

∂λT
N

∣∣∣∣
λN = 0

= −F(X̂N )PN − GWGT F−T (X̂N ) (18)

∂η

∂λT
N

∣∣∣∣
λN = 0

= F−T (X̂N ) + ∂MN + 1

∂f T (X̂N )

∂α

∂λT
N

∣∣∣∣
λN = 0

(19)

where

MN+1 = HT [ f (X̂N )]R−1{Z̃N + 1 − h[ f (X̂N )]} (20)

H[ f (X̂N )] = ∂h[ f (X̂N )]

∂f T (X̂N )
(21)
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Define

X̂N + 1|N ≡ f (X̂N ) (22a)

From Eq. (14), the measurement update for the state estimate is

X̂N + 1 = X̂N + 1|N + PN + 1HT [ f (X̂N )]R−1{Z̃N + 1 − h[ f (X̂N )]}
(22b)

Defining

PN + 1|N ≡ F(X̂N )PN FT (X̂N ) + GWGT (23a)

and substituting Eqs. (18) and (19) into Eq. (15) yield

PN + 1 = PN + 1|N

(
I − ∂MN + 1

∂X̂T
N + 1|N

PN + 1|N

)−1

(23b)

The weighting matrix W in Eq. (23a) is assumed to be diagonal
and to satisfy the covariance constraint condition conceptualized by
Mook and Junkins9 and to be given by

1

N

N∑
k = 1

(Z̃k − Ẑk)(Z̃k − Ẑk)
T ≈ R (24)

Define

Sk = 1

k

k∑
i = 1

εiε
T
i (25)

where {εi = Z̃i − Ẑi } is an m × 1 vector sequence of the measure-
ment residuals. The sum matrix Sk can be computed recursively
according to

Sk + 1 = [k/(k + 1)] Sk + [1/(k + 1)]εk + 1ε
T
k + 1 (26)

The covariance constraint implies that, when the estimate has con-
verged, the residual sequence {εi } will tend to be a zero-mean, white
Gaussian noise with covariance R. There is no efficient way of
choosing an optimal weighting matrix W that satisfies the covariance
constraint, and so heuristic methods are often used. However, expe-
rience has shown that the stability and convergence of the NRMME
algorithm are not strongly sensitive to minor variations of W.

Substituting Eq. (20) into Eq. (23b) and expanding it give

PN + 1 = PN + 1|N
[
I + HT (X̂N + 1|N )R−1H(X̂N + 1|N )PN + 1|N

− AN + 1|N
]−1

(27)

with

AN + 1|N =
(

m∑
j = 1

∂a j

∂X̂T
N + 1|N

δ j

)
PN + 1|N (28)

where a j is the j th column of H(X̂N + 1|N ) and δi is the j th
scalar component of the output-prediction error vector δ= Z̃N + 1 −
h[ f (X̂N )]. Note that inclusion of the higher-order term (HOT)
AN + 1|N in Eq. (27) may cause PN to be negative. It is intuitive
that AN + 1|N can be dropped as done in Ref. 14 to keep PN nonneg-
ative. Then, the NRMME algorithm reduces to the EKF algorithm.
However, the simulation study shows that, when PN is positive,
inclusion of AN + 1|N in Eq. (27) may contribute to the unbiased
estimation when initial condition errors are large.

It is apparent that, from derivation of the algorithm, the estimate
for the NRMME approach approximates the optimal solution of
the nonlinear TPBVP that minimizes the criterion. The NRMME
algorithm can be implemented sequentially. A higher-order approx-
imation can be made with much complexity and high computational
burden.

Simulation Results
Scalar Example

To illustrate the application of the NRMME approach, consider
the estimation of the state history of a scalar example in Ref. 15.
The discrete-time equation of motion is

xk + 1 = xk − T sin xk − 1
2 T 2 cos xk + dk (29)

where the model error dk is assumed as a zero-mean, Gaussian pro-
cess with known variance of q2. A nonlinear measurement equation
is of the form

zk = 1
2 sin(2xk) + νk, νk ∈ N (0, r) (30)

which is highly nonlinear and periodic in xk . The weighting matrix
in the NRMME algorithm is chosen as q2 so that the NRMME is
a maximum likelihood estimation. To examine the influence of the
HOT in Eq. (27) on convergence of the NRMME method, 100 Monte
Carlo runs were performed with identical noise sequence and with
the same initial conditions for both cases with the HOT and without
the HOT. Notice that without the HOT, the NRMME algorithm is
reduced to the EKF algorithm. The initial conditions of 5.4 and
4.6 rad were used against the true initial values of 4.4 rad. Figure 1
shows comparison of the state estimates for the initial conditions
of 5.4 rad. The comparison implies that inclusion of the HOT helps
the estimator converge for large initial condition errors. Figure 2
shows that the estimates converge for small initial condition errors
for both with the HOT and without the HOT. The simulation results
for this example are consistent with the well-accepted conclusion
on the convergence of the EKF for different initial conditions.

Fig. 1 State estimates averaged over 100 runs for initial conditions
of 5.4 rad.

Fig. 2 State estimates averaged over 100 runs for initial conditions
of 4.6 rad.
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Application to Compatibility Checking of Flight-Test Data
The angular rate and the attitude angle are sometimes measured si-

multaneously in flight tests, but the measured quantities may deviate
from the real value due to instrument errors. The instrument errors
can be removed to reconstruct the real attitude and angular-rate value
by using the redundant information available in the measurements.
The data are reconstructed by formulating an exact system equation
relating the attitude quaternion and the angular rate and by includ-
ing the angular-rate measurement error as an uncertain variable to
be determined and the attitude measurement bias as an unknown
constant parameter. Reconstruction of the attitude angle and the an-
gular rate is essentially a joint parameter and state estimation prob-
lem with a nonlinear system expressed as a set of equations of the
form 


q̇0

q̇1

q̇2

q̇3


 = 1

2




−q1 −q2 −q3

q0 −q3 q2

q3 q0 −q1

−q2 q1 q0







ω̃xb − �ωxb

ω̃yb − �ωyb

ω̃zb − �ωzb


 (31)

ḃ = 0 (32)

�ω̇ = d (33)

where q0, q1, q2, and q3 are quaternion components; ω̃xb,
ω̃yb, and ω̃zb are the measured angular-rate components; b =
(bϑ , bψ, bγ )T is the bias vector of the attitude measurement; and
�ω= (�ωxb, �ωyb, �ωzb)

T is the angular-rate measurement error
vector, which is assumed to be dynamic. The model error vector d in
Eq. (33) represents the uncertainty of �ω. A set of state-observable
measurements were modeled by the nonlinear system of equations
for the pitch angle ϑ , the yaw angle ψ , and the roll angle γ ,

ϑ = sin−1[2(q1q2 + q0q3)] + bϑ + ν1 (34)

ψ = tan−1 2(q0q2 − q1q3)

q2
0 + q2

1 − q2
2 − q2

3

+ bψ + ν2 (35)

γ = tan−1 2(q0q1 − q2q3)

q2
0 − q2

1 + q2
2 − q2

3

+ bγ + ν2 (36)

Fig. 3 Attitude estimates and estimation errors for flight-test data with instrument errors.

To maintain quaternion normalization, the normality constraint
was introduced as a pseudomeasurement,

zq = q2
0 + q2

1 + q2
2 + q2

3 + ν4 (37)

where zq , simulated by 1 + ν4, is the pseudomeasurement of the
squared sum of the quaternion and ν4 is the associated devia-
tion of the estimated quaternion from the normality constraint. In
Eqs. (34–37), ν1, ν2, ν3, and ν4 are assumed as components of a zero-
mean, Gaussian white measurement noise vector with covariance
matrix R. From Eqs. (34–37), compatibility checking of flight-test
data is a highly nonlinear estimation problem.

The NRMME algorithm was used to evaluate this estimation
problem. A six-degrees-of-freedom movement of the aircraft dy-
namics was simulated to provide the needed data for simulation
studies. The components of �ω were simulated as the dynamic
errors caused by scale factors and were intentionally chosen to be
much larger than the nominal value for ordinary rate gyros. The bias
components were all set to 5.7 deg. The initial estimates of �ω and
the bias were all set to zero.

The simulated and estimated trajectories of the attitude and the
estimation error plotted in Fig. 3 show the attitude estimates by the
NRMME. The estimated and simulated angular-rate measurement
errors are plotted in Fig. 4. Random noise was included in the simu-
lated measurement errors for the angular rate as shown in Fig. 4. The
estimates of �ω have much smaller variations than the simulated
results. The estimated bias is plotted in Fig. 5. The rapid conver-
gence of the estimated component bγ from the initial error is also
shown in Fig. 5.

Discussion of Stability and Convergence
To begin, the stability and convergence of the estimation equa-

tions (22a) and (22b) require that the estimated system itself be at
least asymptotically stable and observable.

Let

ẽN = XtN − X̂N (38)

where XtN is the true value of the state and ẽN is the state estimate
error at time N . For small values of ẽN , an approximate evolution
equation for ẽN can be derived as

ẽN + 1 ≈ [
I − PN + 1HT

N + 1R−1HN + 1

]
FN ẽN

− PN + 1HT
N + 1R−1νN + 1 + GN dN (39)
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Fig. 4 Estimated and simulated angular-rate measurement errors for the assumed rate gyro.

Fig. 5 Estimated angular measurement bias and estimation error for the assumed attitude sensor.

Equation (39) is a linear time-varying stochastic difference equation
in ẽN . If the homogeneous part of Eq. (39) is stable, the estimate
error ẽN will be bounded. Because HT

N + 1R−1HN + 1 > 0, Eq. (39)
will be unstable if PN + 1 < 0. Besides, there is an upper bound on
PN + 1 to stabilize Eq. (39). In a simple case, for example, where FN

is an identity matrix, it is required that

PN + 1 ≤ (
HT

N + 1R−1HN + 1

)−1
(40)

Designate the error covariance associated with X̂N as SN . Given that
the covariance constraint condition (24) is satisfied, the evolution
equation of SN will take the form

SN + 1 ≈ [
I − PN + 1HT

N + 1R−1HN + 1

]
FN SN FT

N

× [
I − PN + 1HT

N + 1R−1HN + 1

]T

+ PN + 1HT
N + 1HN + 1PT

N + 1 + GN QN GT
N (41)

where QN = E{dN dT
N }. Because the driving terms in Eq. (41) are

always nonnegative, it is expected that if the associated Eq. (39) is
stable, the error covariance will be bounded.

Because of the driving terms containing the factor Z̃N + 1 −
h(X̂N + 1|N ) in the state estimation equations and the sequential na-
ture of the estimation equations, the NRMME estimator will provide
a set of the improved state estimates that fit the real value optimally
in statistical sense if the estimation equations converge. Although
the NRMME algorithm represents an approximate solution to the
minimization problem, rigorous analysis of its stability and con-
vergence with unknown or uncertain initial conditions and noisy
measurements will be much difficult. The discussion in this section
is only a qualitative analysis under the assumption that the esti-
mate errors are small. Theoretical difficulites with stability analy-
sis of nonlinear stochastic difference equations and convergence of
the stochastic sequence are major obstacles, especially when the
statistical or stochastic characteristics of the model errors are
unknown. A simulation study seems to be a practical way to
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assess the feasibility and effectiveness of the estimator for specific
applications.

Conclusions
The NRMME estimator is a new technique for recursive esti-

mation problems with model uncertainties and nonlinear measure-
ments. The technique of invariant imbedding was used to find the
solution to the nonlinear TPBVP resulting from the minimization of
the criterion function with respect to the model error. The resulting
algorithm can be implemented in real time. The covariance con-
straint condition put forward in the MME estimation was employed
to choose the weighting matrix for the model error. When mea-
surements are linear in the states or the term containing the second
partials of the output function is dropped, the proposed algorithm
coincides with that of the EKF for state and parameter estimation.
Performance was verified by two examples. Results show that the
state estimates given by the proposed method are stable and conver-
gent in the presence of significant model errors and nonlinear mea-
surements. A qualitative discussion on stability and convergence
was made for small estimate errors.

The method is potentially applicable to areas such as attitude de-
termination and orbit estimation in the aerospace industry, real-time
tracking and prediction of dynamic systems, and online industrial
control, where nonlinearities and model uncertainties prevail in ac-
tual practice. However, further work is needed to analyze asymptotic
properties, to choose efficiently the weighting matrix W, and to es-
timate with non-Gaussian measurement noise.
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